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1. Introduction 
A cycle C of a graph G is called a dominating cycle if every vertex of G is 
adjacent o at least one vertex of C. We derive a sufficient condition, in terms of 
the degrees of its vertices, for a graph to have a dominating cycle. A corollary 
provides a best possible answer to a conjecture of Clark, Colbourn and Erd6s [1]. 
We denote the set of vertices of a subgraph H of G by V(H). For v ~ V(G) 
Nx(v) denotes the set, and dn(v) the number, of neighbours of v in H; to 
simplify notation, we write N(v) and d(v) for No(v) and de(v), respectively. We 
say that H dominates v if N~(v) ~ fJ. 
2. Main results 
Theorem. Let G be a k-connected graph on n vertices, where k >12. If  any k + 1 
independent vertices xi (0 <<- i <~ k) with N(xi) f'l N(xj) = ~ (0 <<- i :/:j <<- k) have 
degree-sum ~ki=o d(xi) >i n - 2k, then G has a dominating cycle. 
Remark. For k < 2, it is easy to show that if d(x)+ d(y)1> n -  1 for any two 
nonadjacent vertices x, y e V(G), then G has a dominating cycle. The graphs 
obtained by connecting two copies of Km by a single edge show that the result is 
best possible. 
An immediate consequence of the theorem is: 
Corollary. Let G be a k-connected graph on n vertices, where k >12. If 
6 >I (n -2k) / (k  + 1), where 6 is the minimum degree of G, then G has a 
dominating cycle. 
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Let mG denote the union of m disjoint copies of a graph G. By adding k + 1 
vertices xi (0 <- i <~ k) to the graph Kk v (k + 1)K~ (6 >I k), and joining x~ to every 
vertex of copy i of K6, we obtain a graph that has connectivity k and k + 1 
independent vertices xi (0 <~ i <~ k) with N(xi) N N(xj) = 1~ (0 <- i :/:j <- k) and 
E/k_- 0 d(x~)= n-  2k -  1, but has no dominating cycle. This example shows that 
the theorem is best possible; it also shows that the corollary is best possible, since 
it has minimum degree 6 = (n - 2k - 1)/(k + 1). 
It is clear that the corollary gives an affirmative answer to the following 
conjecture of Clark, Colbourn and Erd6s [1]. 
Conjecture. There exists a function f such that if G is a k-connected graph on n 
vertices with minimum degree 6 >~n/(k + 1)+f (k ) ,  then G has a dominating 
cycle. 
Remark. Fraisse [2] has independently proved the above conjecture. His result is 
slightly weaker than our Corollary. 
3. Proof of the Theorem 
The proof is by contradiction. Suppose that G satisfies the hypotheses of the 
theorem, but has no dominating cycle. Because G is k-connected, G has a cycle 
of length at least k. Let C be a cycle in G with IV(C)[ 1> k such that 
(i) C dominates as many vertices as possible. 
Since C is not a dominating cycle, there is a component H of G - C containing a
vertex Xo such that Nc(xo) = I~. Choose C, subject o (i), in such a way that 
(ii) H has as few vertices as possible. 
Since G is k-connected and [V(C)I i> k, there are k paths P1, P2,. • . ,  Pk from Xo 
to C, pairwise disjoint except for x0 and with all internal vertices in H. Let ui 
(1 ~< i ~< k) be the termini of the paths P/(1 ~< i ~< k), taken in order around C, and 
define Uk+ 1 -" U l ,  Pk+l = P1. 
Let Cl, c2, • • •, Cm be the vertices in order around C and define 
C(ci, c j )={ct : i<t<j}  and C[ci, cj]={c,:i<-t<~j}, 
where the subscripts are to be taken modulo m. The sets C(ci, cj] and C[ci, cj) are 
defined analogously. 
If, for some i and every v ~ C(u, ui+~), NG_c(v)U {v} is dominated by 
C-  C(u, ui+~), then by deleting C(u, ui+O and adding the path PixoP/+l we 
obtain a new cycle which is of length at least k and dominates more vertices than 
C. This contradicts the choice of C. Thus, for each i, there is at least one vertex 
Yi e C(ui, ui+O such that 
(a) NG-c(Yi) U {Yi} is not dominated by C - C(u, ui+O. 
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Subject to (a), choose Yi as close to U i along C(u i ,  Ui+I) as possible. Thus we have 
(b) Vv ~ C(ui, Yi), NG-c(V) U {v} is dominated by C - C(u, ui+~). 
Using (b) we shall show that 
(c) There is no edge joining H and C(ui, Yi] (1 ~< i ~< k). 
Suppose, to the contrary, that there is an edge e = hw, where h ~ V(H) and 
w ~ C(ui, yi]. Choose e such that w is as close to ui as possible. Since h ~ V(H) 
and H is connected, there is a path P from ui to w with all internal vertices in H; 
by adding the path P and deleting C(u~, w) we obtain a new cycle C'. Clearly 
IV(C')l I> k. If C' dominates x0, then by (b) C' dominates more vertices than C, 
contradicting (i); if C' does not dominate Xo, then by (b), C' dominates at least as 
many vertices as C; however, in this case, the component of G - C' containing x0 
has fewer vertices than H, by the choice of e, and so contradicts (ii). This 
completes the proof of (c). 
Furthermore, we prove 
(d) There is no path from C(ui, yi] to C(uj, yj] with all internal vertices in 
G-C,  l<-i~j<-k. 
Suppose that there is such a path P. Let the origin and terminus of P be 
w e C(u, Yi] and z e C(uj, Ys], respectively. By (c), V(P) fq V(H) = 0, and so 
wPz .  . . yj. . . U/+s... uiPixoPiu/. . . ui+1. . . Yi. . • w 
is a cycle C". We choose P in such a way that w is as close to ui as possible. By 
this choice, there is no path joining C(u ,  w)  and C(uj, z), and so, for every 
vertex v e C(u ,  w)  t.J C(uj, z), N (v )  U (v} is dominated by C", by (b). Therefore 
C" dominates more vertices than C. This contradiction establishes (d). 
It follows from (a) that, for 1 <~ i <~ k, there exists a vertex xi ~ Nc-c(Yi) t_J {y~} 
which is not dominated by C - C(ui, u~+z). By  (c) and (d), we have 
(I) xi (0 <~ i <~ k) are k + 1 independent vertices. 
Furthermore, we shall show that 
(2) N(xi) NN(xs)=O, O<-i@j<~k. 
Suppose, to the contrary, that v e N(xi)N N(xj), i~j .  Since x s (0 <~g ~ k) is 
not dominated by C - C(u s, Us+x ), where C(uo, ul) = 0, we have that v ~ C. But 
then the path y~xivx/y s (which may be degenerate, if Yi = x~ or Ys = x/) contradicts 
either (c) or (d). 
Let J=( i :  xi=yi, l~i<~k}. Since x~ ( l~<i~<k) is not dominated by 
C-  C(ui, ui+O, 
[d(xi) -  IC(ui, ui+l)l + 1, i e J, 
ING-c(x')l>-td(xi)-IC(u, +l)l, i ~J. 
Combining this with (1) and (2), we obtain 
n- IV (C) I - IV (G-C) I  
I(xo)l + IN(xo)l + E I(x,)l + E ING-c(X,)I + E IgG-c(Xi)l 
iq~J iq~J i~J 
k k 
>t 1 + k + ~ d(xi) -  E IC(ui, u,+l)l. 
i=0  i----1 
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Since ~k= 1[C(ui, Ui+l)[ = IV(C)l- k, 
k 
n - (2k + 1) >i ~ d(xi). 
i=O 
On the other hand, using (1) and (2) and the hypotheses of the theorem, we have 
k 
E d(xi) ~ n - -  2k. 
i=0  
This contradiction completes the proof of the theorem. 
4. A Conjecture 
For v ~ V(G) and an integer m i> 1, let Rm(V) -- {U E V(G): d(u, v) <~ m}, 
where d(u, v) denotes the distance between u and v. A cycle C is called an 
m-dominating cycle if Rm(v) O V(C) =/: 0 for every v e V(G). 
Conjecture. Let G be a k-connected graph on n vertices, where k >I 2. If any k + 1 
independent vertices xi (0 <~ i <~ k) with Rm(xi) n Rm(xj) - 0 (0 <~ i q:j <~ k) satisfy 
the inequality ~=o [Rm(xi)l >I n - 2k, then G has an m-dom!nating cycle. 
The theorem in this paper shows that this conjecture is true for m = 1. 
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